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Abstract. For any continuous map / : M ^ M on a compact manifold 
M, we define the SRB-like (or observable) probabilities as a generaliza- 
tion of Sinai-Ruelle-Bowen (i.e. physical) measures. We prove that / has 
observable measures, even if SRB measures do not exist. We prove that 
the definition of observability is optimal, provided that the purpose of the 
researcher is to describe the asymptotic statistics for Lebesgue almost 
every initial state. Precisely, the never empty set O of all the observable 
measures, is the minimal weak* compact set of Borel probabilities in 
M that contains the limits (in the weak* topology) of all the conver- 
gent subsequences of the empiric probabilities {{l/n)J2j=o^f^(x)}n>i, 
for Lebesgue almost all x G M. We prove that any isolated measure in 
O is SRB. Finally we conclude that if O is finite or countable infinite, 
then there exist (up to countable many) SRB measures such that the 
union of their basins cover M Lebesgue a.e. 



Let /: M — )■ M be a continuous map in a compact, finite-dimensional 
manifold M. Let m be a Lebesgue measure normalized so that m{M) = 1, 
and not necessarily /-invariant. We denote V the set of all Borel probability 
measures in M, provided with the weak* topology, and a metric structure 
inducing this topology. 

For any point x G M we denote pu{x) to the set of all the Borel prob- 
abilities in M that are the limits in the weak* topology of the convergent 
subsequences of the following sequence 



where 6y is the Dirac delta probabihty measure supported in ?/ G M. We 
call the probabilities of the sequence (II. ip empiric probabilities of the orbit 
of X. We call puj{x) the limit set in V corresponding to x G M. 
It is classic in Ergodic Theory the following definition: 

Definition 1.1. A probability measure fi is physical or SRB (Sinai-Ruelle- 
Bowen), if {/i} = pw{x) for a set A{fi) of points x G M that has positive 
Lebesgue measure. The set A{fi) is called basin of attraction of /i. 
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In this paper, as in |V98] and Chapter 11 of |BDV05] . we agree to name 
such a probabihty fi an SRB measure (and also physical as in |Y02] ). This 
preference is based in three reasons, which are also our motivations: 

1. Our scenario includes all the continuous systems. Most (namely C° generic) 
continuous / are not differentiable. So, no Lyapunov exponents necessar- 
ily exist, to be able to assume some kind of hyperbolicity. Thus, we can 
not assume the existence of an unstable foliation with differentiable leaves. 
Therefore, we aim to study those systems for which the SRB measures usu- 
ally defined in the literature (related with an unstable foliation J-"), do not 
exist. We recall a popularly required property for fi: the conditional mea- 
sures fix of /i, along the local leaves J-'x of a hyperbolic unstable foliation J^, 
are absolute continuous respect to the internal Lebesgue measures of those 
leaves. But this latter assumption needs the existence of such a regular fo- 
liation J-". It is well known that the ergodic theory based on this absolute 
continuity condition does not work for generic systems (that are not 

see |RY80l[BH98llAB07] . So, it does not work for most C^-systems. 

2. In the modern Differentiable Ergodic Theory, for C^"^"-systems that have 
some hyperbolic behavior, one of the ultimate purposes of searching mea- 
sures with absolute continuity properties respect to Lebesgue is to find prob- 
abilities that satisfy Definition ll.il Therefore, if the system is not C^"*"", or 
is not hyperbolic-like, but nevertheless exists some probability n describing 
the asymptotic behavior of the sequence (11. ip for a Lebesgue-positive set of 
initial states (i.e. /i satisfies Definition ll.il) . then one of the initial purposes 
of research of Sinai, Ruelle and Bowen in |B71l IBRTSj IR76t IS72j . is also 
achieved. Therefore, it makes sense (principally for C^'-systems) to call /j, an 
SRB measure, if it satisfies Definition ll.il 

3. The SRB-like property of some invariant measures which describe (mod- 
ulus e for all e > 0) the behavior of the sequence (1) for n large enough 
and for a Lebesgue-positive set of initial states can be also achieved consid- 
ering the observable measures that we introduce in Definition 11.21 instead 
of restricting to those in Definition 11.11 This new setting will describe the 
statistics defined by the sequence (11. ip of empiric probabilities for Lebesgue 
almost all initial state (see Theorem I l.Sp . This is particularly interesting in 
the cases in which SRB-measures do not exist (for instance |K04j and some 
of the examples in Section [5] of this paper.) So, in the sequel, we use the 
words physical and SRB as synonymous, and we apply them only to the 
probability measures that satisfy Definition 11.11 To generalize this notion. 
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we will call observable or SRB-like or physical-like, to those measures intro- 
duced in Definition II. 2[ After this agreement all SRB measure are SRB-like 
but not conversely (we provide Examples in Section [S]). 

One of the major problems of the Ergodic Theory of Dynamical Systems, 
is to find SRB measures. They are widely studied occupying a relevant in- 
terest for those systems that are C^"*"" and show some kind of hyperbolicity 
f [PS82] . jPSOi] . |V98] . |BDV05] l One of the reasons for searching those 
measures, is that they describe the asymptotic behavior of the sequence 
(jl.ip for a Lebesgue-positive set of initial states, namely, for a set of spa- 
tial conditions that is not negligible from the viewpoint of an observer. One 
observes, through the SRB measures, the statistics of the orbits through ex- 
periments that measure the time- mean of the future evolution of the system, 
with Lebesgue almost all initial states. But it is unknown if most differen- 
tiable systems exhibit SRB measures ( |P99j ). Many interesting C^'-systems 
do not exhibit SRB measures. In fact, there is evidence that for many C° 
systems, Lebesgue almost all initial states define sequences (11.11) of empiric 
probabilities that are convergent |AAllj . but none of the measures /i in 
such limits has a Lebesgue-positive basin of attraction A(/i) as required in 
Definition 11.11 to be an SRB measure |AAllj . In |K98j . Keller considers an 
SRB-like property of a measure, even if the sequence (11.11) is not conver- 
gent. In fact, he takes those measures ^ that belong to the set pw{x) for a 
Lebesgue-positive set of initial states x G M, regardless if pw{x) coincides 
or not with {fi}. Precisely, Keller considers those measures fi for which 
dist{n, pw{x)) = for a Lebesgue positive set of points x G M. But, as 
he also remarks in his definition, that kind of weak-SRB measures may not 
exist. We introduce now the following notion, which generalizes the notion 
of observability of Keller, and the notion of SRB measures in Definition ll.lt 

Definition 1.2. A probability measure /i G P is observable or SRB-like or 
physical-like if for all £ > the set As{fi) = {x E M : dist {pijj{x),fi) < e} 
has positive Lebesgue measure. The set Ae(/i) is called basin of ^-attraction 
of fi. We denote with O the set of all observable measures. 

It is immediate from Definitions 11.11 and 11.21 that every SRB measure is 
observable. But not every observable measure is SRB (we provide examples 
in Section [5]). It is standard to check that any observable measure is /- 
invariant. (In fact, iiVfdV denotes the weak*-compact set of /-invariant 
probabilities, since puj{x) G Vj for all x, we conclude that fi E Vf = Vf 
for all fi E O.) For the experimenter, the observable measures as defined 
in 11.21 should have the same relevance as the SRB measures defined in 11.11 
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In fact, the basin of e-attraction ^^(/i) has positive Lebesgue measure for 
all 6 > 0. The e- approximation lays in the space V of probabihties, but 
it can be easily translated (through the functional operator induced by 
the probability fi in the space C°(M, M)) to an e-approximation (in time- 
mean) towards an "attractor" in the ambient manifold M. Precisely, if /i 
is observable and x G A^{fi) then, with a frequency that is asymptotically 
bounded away from zero, the iterates f^{x) for certain values of n large 
enough, will e-approach the support of /i. Note that also for an SRB measure 
H this ^-approximation to the support of yU holds in the ambient manifold 
M with e 7^ 0. Namely, assuming that there exists an SRB measure /x, 
the empiric probability (defined in (11. ip for Lebesgue almost all orbit in 
the basin of /i) approximates, but in general differs from /i, after any time 
n > 1 of experimentation which is as large as wanted but finite. If the 
experimenter aims to observe the orbits during a time n large enough, but 
always finite. Definition [L2] of observability ensures him a 2e-approximation 
to the "attractor", for any given e > 0, while Definition 11.11 of physical 
measures ensures him an e-approximation. As none of them guarantees a 
null error, and both of them guarantee an error smaller than e > for 
arbitrarily small values of e > (if the observation time is large enough), 
the practical meanings of both definitions are similar. 

Statement of the results 

Theorem 1.3. (Existence of observable measures) 

For every continuous map f , the space O of all observable measures for 
f is nonempty and weak* -compact. 

We prove this theorem in Section [31 It says that Definition 11.21 is weak 
enough to ensure the existence of observable measures for any continuous 
/. But, if considering the set Vf of all the invariant measures, one would 
obtain also the existence of probabilities that describe completely the limit 
set pw{x) for a Lebesgue-positive set of points x G M (if so, for all points 
in M). Nevertheless, that would be less economic. In fact, along Section 
O we exhibit paradigmatic systems for which most invariant measures are 
not observable. Also we show that observable measures (as well as SRB 
measures defined in II. ip are not necessarily ergodic. The ergodic measures, 
or a subset of them, may be not suitable respect to a non-invariant Lebesgue 
measure describing the probabilistic distribution of the initial states in M. 
In fact, there exist examples (we will provide one in Section [5]), for which 
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the set of points x E M such that puj{x) is an ergodic probabihty has zero 
Lebesgue measure. 

In Definition ll.lt we called basin of attraction v4(/i) of an SRB-measure 
/i to the set A{jj) = {x G X : puj{x) = {/i} }. Inspired in that definition we 
introduce the following: 

Definition 1.4. We call basin of attraction A{IC) of any nonempty weak* 
compact subset K, of probabilities, to 

A{IC) ■={xeM : puj{x) C JC}. 

We are interested in those sets IC G V having basin A{IC) with positive 
Lebesgue measure. We are also interested in not adding unnecessary prob- 
abilities to the set /C. The following result states that the optimal choice, 
under those interests, is a nonempty compact subset of the observable mea- 
sures defined in 11.21 

Theorem 1.5. (Full optimal attraction of O) 

The set O of all observable measures for f is the minimal weak* compact 
subset of V whose basin of attraction has total Lebesgue measure. In other 
words, O is minimally weak* compact containing, for Lebesgue almost all 
initial state, the limits of the convergent subsequences of (11. ip . 

We prove this theorem in Section [3J Finally, let us state the relations 
between the cardinality of O and the existence of SRB measures according 
with Definition 11.11 

Theorem 1.6 (Finite set of observable measures). O is finite if and only if 
there exist finitely many SRB measures such that the union of their basins of 
attraction cover M Lebesgue a.e. In this case O is the set of SRB measures. 

We prove this theorem in Section |H 

Theorem 1.7 (Countable set of observable measures). // O is countably 
infinite, then there exist countably infinitely many SRB measures such that 
their basins of attraction cover M Lebesgue a.e. In this case O is the weak*- 
closure of the set of SRB measures. 

We prove this theorem in Section |H 

For systems preserving the Lebesgue measure the main question is their 
ergodicity, and most results of this work translate, for those systems, as 
equivalent conditions to be ergodic. The proof of the following result is 
standard after Theorem II. 5 1 
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Remark 1.8. (Observability and ergodicity.) /// preserves the Lebesgue 
measure m then the following assertions are equivalent: 

1. f is ergodic respect to m. 

2. There exists a unique observable measure ^ for f . 

3. There exists a unique SRB measure v for f attracting Lebesgue a.e. 
Moreover, if the assertions above are satisfied, then m = fi = u 

The ergodicity of most maps tliat preserve the Lebesgue measure is also 
an open question. ( |PS04j . |BM VW03] ) . Due to Remark [T751 this open ques- 
tion is equivalent to the unique observability. 



For each x G M we have defined the nonempty compact set pu{x) C Vj 
composed by the limits of all the convergent subsequences of the empiric 
probabilities in Equality (11. ip . For further uses we state the following prop- 
erty for the pw-limit sets: 

Theorem 2.1. (Convex-like property.) For every point x G M : 

1. ///i, u G p(jj{x) then for each real number Q < A < 1 there exists a measure 
fix G pijj{x) such that dist{fix,fi) = A dist{h',fi). 

2. puj{x) either has a single element or is uncountable. 

Proof. The statement 2 is an immediate consequence of 1. To prove 1 it 
is enough to exhibit, in the case /z 7^ z/, a convergent subsequence of (11. ip 
whose limit n\ satisfies 1. It is an easy exercise to observe that the existence 
of such convergent sequence follows (just taking e = 1/n) from the following 
lemma [221 □ 

Lemma 2.2. For fixed x E M and for alln > 1 denote fin = ^ ^i=o ^fH^)- 
Assume that there exist two weak* -convergent subsequences fimj Z^, f^nj 
V. Then, for all e > and all K > there exists a natural number 
h = h{e, K) > K such that \ dist (/i/^, /i) — A dist (z/, yu) | < e. 

Proof. First let us choose mj and then Uj such that 

nij > K; — < -; dist {fi, fim.) < 7; rij > mj; dist (i^,/i„,) < -. 

rrij 4 4 4 

We will consider the following distance in V: 



for any p,S where {(^jjieN is a countable dense subset of C°(M, [0, 1]). 
Note from the sequence (II. ip that | J gdfin — / (^rf/^n+il < (1/^)11(711 for all 



2. The convex-like property of pu{x). 
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g G C{M, [0, 1]) and all n > 1. Then in particular for n = rrij + k, we obtain 

(2.1) dist +fc+i) < — < I for all A; > 

rrij A 

Now let us choose a natural number < A; < nj — rrij such that 

I dist {firn, , A^mj+fc) " A dist (/iruj , yUn^ ) | < e/4 for the given A G [0, 1] 

Such k does exist because inequality (12. ip is verified for all /c > and 
moreover if A; = then dist (/im^ , /imj+fc) = and if = rij — rrij then 
dist {uruj.lJ^nij+k) = dist {firrij , fJ'Uj) ■ Now renaming /i = mj + k, applying the 
triangular property and tying together the inequalities above, we deduce: 

I dist {fih, /w) - A dist (z/, /i) | < | dist {fih, ^) - dist (/i/j, /i^^. ) | 

+ I dist (/i/j, /i^j) - A dist | + A | dist (/i ) - dist (/i^^. , I/) I 

+A I dist {Ump ^) — dist (/x, z/) | < e 

□ 

3. Proof of Theorems 11.31 and 11.51 

From the beginning we have fixed a metric in the space V of all Borel 
probability measures in M, inducing its weak* topology structure. We de- 
note as B^{fi) the open ball in V, with such a metric, centered in fi E V 
and with radius e > 0. 

Proof, {of Theorem 11.31 ) Let us prove that O is compact. The complement 
O'^ of (9 in P is the set of all probability measures fi (not necessarily /- 
invariant) such that for some e = e{fi) > the set {x E M : poj{x) ni?e(/i) ^ 
0} has zero Lebesgue measure. Therefore O'^ is open in V, and O is a, closed 
subspace of V. As V is compact we deduce that O is compact as wanted. 

We now prove that O is not empty. By contradiction, assume that O'^ = 
V. Then for every fi E V there exists some e = e(/i) > such that the 
set A = {x G M : pu{x) C (^^(/i))^} has total Lebesgue probability. As 
V is compact, let us consider a finite covering of V with such open balls 
i?e(/i), say Bi, B2, ■ ■ ■ Bk, and their respective sets Ai, A2, . . . Ak defined as 
above. As m{Ai) = 1 for all i = 1, 2, . . . , we have that the intersection 
B = n^^iAi is not empty. By construction, for all x G -B the pw-limit of x 
is contained in the complement of Bi for alH = 1, 2 . . . , Ac, and so it would 
not be contained in V, that is the contradiction ending the proof. □ 

Proof, {of Theorem 11.51 ) Recall Definition 11.41 of the basin of attraction 
A{}C) of any weak*-compact and nonempty set /C of probabilities. We must 
prove the following two assertions: 
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1. m{A{0)) = 1, where m is the Lebesgue measure. 

2. O is minimal among all the compact sets K, dV with such a property. 
Define the following family K of sets of probabilities: 

K = {/C C P : /C is compact and m{A{lC)) = 1}. 

Therefore K is composed by all the weak* compact sets /C of probabilities 
such that pu){x) C /C for Lebesgue almost every point x G M. The family 
K is not empty since it contains the set Vf of all the invariant probabilities. 
So, to prove Theorem II. 5[ we must prove that C G K and O = flyce^ ^• 

Let us first prove that O d K, for all /C G K. This is equivalent to prove 
that if /C G K and if /i ^ /C then ^, ^O. 

\i jj, ^ fC take e = dist (/i, /C) > 0. For all x G A{}C) the set pijj{x) C /C is 
disjoint from the ball Bs{fi). But almost all Lebesgue point is in A{)C), be- 
cause /C G K. Therefore pu{x) nBs{fi) = Lebesgue a.e. This last assertion, 
combined with Definition 11.21 and the compactness of the set pu{x) imply 
that /i (9, as wanted. 

Now let us prove that m{A{0)) = 1. After Theorem 11.31 the set O is 
compact and nonempty. So, for any ^ O the distance dist (/i, O) is pos- 
itive. Observe that the complement of (9 in "P can be written as the 
increasing union of compacts sets /C„ (not in the family K) as follows: 

oo 

(3.1) C>^ = U /C„, lCn = {^ieV: dist (/i, O) > 1/n} C JC^+i 

n=l 

Let us consider the sequence A'^ = y4'(/C„) of sets in M, where A'{JC) is 
defined as follows: 

(3.2) A'{K:):={xeM:pu{x)nlC^(l}}. 
Denote A'^ = A'{0^). We deduce from (jSl]) and (fS^l) that: 

oo 

A'^ = U <, m{A'J ^ m{A'J = m{A'{0^)). 

n=l 

To end the proof is now enough to show that m(yl^) = for all n eN. 

In fact, A'^ = A'{}Cn) and /C„ is compact and contained in (9^. By Defi- 
nition [L2] there exists a finite covering of /C„ with open balls Bi, B2, ■ ■ ■ ,Bk 
such that 

(3.3) m{A'{Bi))=0 for alH = 1, 2, . . . , A; 

By (13. 2 p the finite collection of sets A'{Bi); i = l,2,...,k cover A'^ and 
therefore (13. 3p implies m{A'j^) = ending the proof. □ 
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4. Proof of Theorems 11.61 and 11.71 

Lemma 4.1. // an observable or SRB-like measure /i is isolated in the set 
O of all observable measures, then it is an SRB measure. 

Proof. Recall that we denote the open ball in V centered in fi E V 

and with radius e > 0. Since /x is isolated in O, there exists > such that 
the set Beo{fi) \ {fi} is disjoint from O. After Definition II. 2[ m{A) > 0, 
where A := Aeo(/i) = {x G M : dist{pijj{x), fi) < Eq}. 

After Definition II. to prove that /i is SRB it is enough to prove that for 
m-almost all x G A the limit set pu{x) of the sequence (11. ip of empiric 
probabilities, is {/i}. In fact, fix and arbitrary < e < Eq. The compact set 
BeQ{fi)\Be{fi) is disjoint from O, then it can be covered with a finite number 
of open balls Bi, B2, . . . ,Bk such that m{Ai) = for alH = 1, . . . , fc, where 
Ai := {x E M : puj{x) P\Bi ^ 0}. Thus, for m-a.e. x E A the limit set pu{x) 
intersects B^{fj,) but it does not intersect B^q^ij) \ B^{ii). After Theorem 12. H 
we conclude that puj{x) C i5e(/i) for Lebesgue almost all x E A. Taking the 
values En = ^/n, for all n > 1, we deduce that pu{x) = {fi} for m— a.e. 
X E A, as wanted. □ 

Proof, {of Theorem 11.61 ) Denote SRB to the (a priori maybe empty) set 
of all SRB measures, according with Definition 11.11 It is immediate, after 
Definition II. 2[ that SRB G O. li O is finite, then all its measures are 
isolated, and after Lemma HTTl they are all SRB measures. Therefore SRB = 
O is finite. Applying Theorem 11.51 which states the full attraction property of 
O, it is obtained that m(A(SRB)) = 1, where y4(SRB) = ^ gj^g ^(/^), 
being A{fi) the basin of attraction of the SRB measure /i. Therefore, we 
conclude that, if O is finite, there exist a finite number of SRB measures 
such that the union of their basins cover Lebesgue almost all x G M, as 
wanted. Now, let us prove the converse statement. Assume that SRB is finite 
and the union of the basins of attraction of all the measures in SRB cover 
Lebesgue almost all x G M. After the minimality property of O stated in 
Theorem 11.51 O C SRB. On the other hand, we have SRB C O. We deduce 
that O = SRB, and thus O is finite, as wanted. □ 

To prove Theorem 1 1.71 we need the following Lemma (which in fact holds 
in any compact metric space V). 

Lemma 4.2. // the compact subset O G V is countably infinite, then the 
subset S of its isolated points is not empty, countably infinite and S = O. 
Therefore, dist(z/, O) = dist(z/, 5) for all u gV . 
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Proof. The set O gV is not empty and compact, after Theorem ll.3[ Assume 
by contradiction that S is empty. Then O is perfect, i.e. all measure of O 
is an accumulation point. The set V of all the Borel probabilities in M is a 
Polish space, since it is metric and compact. As nonempty perfect sets in a 
Polish space always have the cardinality of the continuum |K95j , we deduce 
that O can not be countably infinite, contradicting the hypothesis. 

Even more, the argument above also shows that if O is countable infinite, 
then it does not contain nonempty perfect subsets. 

Let us prove now that the subset S of isolated measures of O is countably 
infinite. Assume by contradiction that S is finite. Then 0\S is nonempty 
and compact, and by construction has not isolated points. Therefore it is a 
nonempty perfect set, contradicting the assertion proved above. 

It is left to prove that dist(z/, O) = dist(z/, S) for all u eV. This assertion, 
if proved, implies in particular that dist(/i,5) = for all fi E O, and 
therefore, recalling that O is compact, it implies S = O. 

To prove that dist(z/, (9) = dist(z/, 5) for all u eV, first fix z/ and take 
fi E O such that dist(z/, O) = dist(z/, /x). Such a probability fi exists because 
O is compact. If /i G iS, then the equality in the assertion is obtained 
trivially. If /i G (9 \ 5, fix any e > and denote Bs{fi) to the ball of center 
/X and radius e. Take fi' G Sf]Bs{^). Such /i' exists because, if not, the 
nonempty set fl O would be perfect, contradicting the above proved 

assertion. Therefore, dist(z/, 5) < dist(z/, /i') < dist(z/, /i) + dist(/i, /i') = 
dist(z/, (9) + dist(/i, /x'). So, dist(z/, 5) < dist(z/, C) + e. As this inequality 
holds for all e > 0, we conclude that dist(i/, 5) < dist(z/, C). The opposite 
inequality is immediate, since S C O. □ 

Proof, {of Theorem |i. 7[ ) Denote S to the set of isolated measures in O. 
After Lemma 14.21 S is countably infinite. Thus, applying Lemma 14. ![ fi 
is SRB for all /i G 5. Then, there exist countably infinitely many SRB 
measures (those in S and possibly some others in O \S). Denote SRB to 
the set of all SRB measures. After Lemma K^O = S C SRB C O. So 
SRB = O. It is only left to prove that the union of the basins of attractions 
A{fii), for all fii G SRB covers Lebesgue almost all M. Denote m to the 
Lebesgue measure. Applying Theorem 11.51 pu{x) GO m — a.e. x G M. 
Together with Theorem 12.11 and with the hypothesis of countability of O, 
this last assertion implies that for m— a.e. x E M the set pu{x) has a unique 
element {fix} C O. Then: 



(4.1) 



pu{x) = {fix} C (9 m — a.e. x G M. 
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We write O = {/ij : i = 1, . . . ,n}, where fii 7^ /ij if i j. Denote A = 
IJjgj^ A(yUj), where A{fii) := {x E M : fix = /^i}- Assertion (14. ip can be 
written as m{A) = 1. In addition, fl A{fij) = if /ij 7^ fij. So 1 = 

^+7m(A(/i,)). After Definition SRB = e C : m(A(/i,)) > 0}. We 
conclude that X^/ijsSRB "^(^(z^*)) ~ "^(^(a^*)) ~ wanted. □ 

5. Examples 

Example 5.1. For any transitive C^+" Anosov diffeomorphism the unique 
SRB measure /i is the unique observable measure. But there are also infin- 
itely many other ergodic and non ergodic invariant probabilities, that are 
not observable (for instance those supported on the periodic orbits). 

Example 5.2. In |HY95j it is studied the class of diffeomorphisms / in the 
two-torus obtained from an Anosov when the unstable eigenvalue of df at a 
fixed point Xq is weakened to be 1, maintaining its stable eigenvalue strictly 
smaller than 1, and the uniform hyperbolicity outside a neighborhood of Xq. 
It is proved that / has a single SRB measure, which is the Dirac delta 
supported on xq, and that its basin has total Lebesgue measure. Therefore, 
this is the single observable measure for /, it is ergodic and there are infin- 
itely many other ergodic and non ergodic invariant measures that are not 
observable. 

Example 5.3. The diffeomorphism /: [0,1]^ [0,1]^; f{x,y) = {x/2,y) 
has O as the set of Dirac delta measures 5(o,j/) for all y G [0,1]. In this 
case O coincides with the set of all ergodic invariant measures for /. Note 
that, for instance, the one-dimensional Lebesgue measure on the interval 
[0] X [0, 1] is invariant and not observable, and that there are not SRB- 
measures as defined in 11.11 This example also shows that the set O of 
observable measures is not necessarily closed on convex combinations. 

Example 5.4. The maps exhibiting infinitely many simultaneous hyper- 
bolic sinks {a;i}igN, constructed from Newhouse's theorem ( |N74] ) has a 
space O of observable measures which contains for all i E N, which, 
moreover, are physical measures and isolated in O. Also the maps exhibit- 
ing infinitely many Henon-like attractors, constructed by Colli in |C98j . 
has a space of observable measures that contains countably infinitely many 
isolated probabilities (the SRB measures supported on the Henon-like at- 
tractors). 

Example 5.5. The following example (attributed to Bowen |T94t IGK07j 

and early cited in |T82j ) shows that even if the system is so regular as C^, 
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the space of observable measures may be formed by the hmit set of the non 
convergent sequence (11. ip for Lebesgue almost all initial states. Consider a 
diffeomorphism / in a ball of with two hyperbolic saddle points A and B 
such that a half-branch of the unstable global manifold W^^ijr{A) \ {A} is an 
embedded arc that coincides with a half-branch of the stable global manifold 
W^,,f{B) \ {B}, and conversely Wj:,,f{B) \ {B} = ly^^/A) \ {A}. Take / 
such that there exists a source C E U where U is the topological open ball 
with boundary Wf^^ij-{A) U Wf^^ij-{B). One can design / such that for all 
X E U the a-limit is {C} and the cu-limit contains {A, B}. If the eigenvalues 
of the derivative of / at A and B are adequately chosen as specified in 
|T94t IGK07] . then the empiric sequence (II. ip for all x G f/ \ {C} is not 
convergent. It has at least two subsequences convergent to different convex 
combinations of the Dirac deltas 6a and 6b- Applying Theorem 11.71 there 
exist uncountably many observable measures. In addition, as observable 
measures are invariant under /, due to Poincare Recurrence Theorem all of 
them are supported on {A} U {B}. So, after Theorem 12. II all the observable 
measures are convex combinations of 6a and 6b and form a segment in the 
space of probabilities. This example shows that the observable measures 
are not necessarily ergodic. 

Finally, the eigenvalues of df at the saddles A and B can be adequately 
modified to obtain, instead of the result above, the convergence of the se- 
quence (11. ip as stated in Lemma (i) of page 457 in |T82] . In fact, taking 
conservative saddles (and C° perturbing / outside small neighborhoods of 
the saddles A and B so the topological cu-limit of the orbits in U\{C} still 
contains A and B), one can get for all x G t/ \ {C} a sequence (II. ip that is 
convergent to a single measure /i = (A)(5^ + (1 — A)^^, with a fixed constant 
< A < 1. So /i is physical according with Definition II. 1| and is the unique 
observable measure. This proves that physical measures are not necessarily 
ergodic. 

Example 5.6. Consider a partially hyperbolic diffeomorphism /, as 
defined in Section 11.2 of |BDV05j . In this family of examples, we will 
assume that for all x G M there exists a ^/-invariant dominated splitting 
TM = E"^ © E'^^, where the sub-bundle E^ is uniformly expanding, has 
positive constant dimension, and the expanding exponential rate of df\E-^ 
dominates that of (i/|£;cs. Through every point x G M there exists a unique 
injectively immersed unstable manifold F"(x) tangent to E^. We provide 
below a concrete example for which such an / has not any SRB-measure 
according with Definition ll.il Nevertheless, in Subsection 11.2.3 of |BDV05j 
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it is proved that / possesses probability measures /i that are Gibbs u-states; 
namely, /i has conditional measures fix respect to the unstable foliation J-"" 
that are absolutely continuous respect to the internal Lebesgue measures 
along the leaves J-'^. Precisely, Theorem 11.16 of |BDV05] states that for all 
X in a set C M of initial states such that Tn^{J-'y \E) = for all y G M, 
the convergent subsequences of the empiric probabilities (11 .ip converge to 
Gibbs u-states (depending, a priori, of the point x E E). We provide below 
a concrete example for which the set E has full Lebesgue measure in the 
ambient manifold M. Therefore in this example. Theorem 11.16 of |BDV05] 
implies that for Lebesgue almost all x G M the limit set pu{x) of the 
sequence (II. ip is contained in the set of Gibbs u-states. Combining this 
result with Theorem 11.51 of this paper, we deduce that in this example all 
the observable or SRB-like measures are Gibbs u-states. Nevertheless not all 
Gibbs u-states are necessarily observable, since Gibbs u-states form a convex 
set but O is not necessarily convex. Moreover, after Theorems 11.61 and II. 7[ 
and since in the example below there does not exist any SRB measure, the 
set O (and thus also the set of Gibbs u-states) is uncountable. Besides, in 
the example below this fact holds simultaneously with the property that 
the sequence (II. ip of empiric probabilities converge for Lebesgue almost all 
initial state. This latter property, and the statement that the observable 
measures are Gibbs u-states, are two remarkable differences between this 
example 15.61 and the example 15.51 For both, no SRB measure exists and the 
set O is uncountable. 

To illustrate the ideas above, let us consider (even being a trivial case 
of partially hyperbolic system) the map / : i-> in the three- 
dimensional torus = (S^)^ constructed by f{x,y,z) = {x,g{x,y)) where 
(7 : H- is a (transitive) Anosov. After Sinai Theorem there exists fii 
in the two-torus, which is (7-ergodic, SRB-measure and a Gibbs u-state for 
g. Thus, the sequence (II. ip of the empiric probabihties for Lebesgue almost 
all initial states {x,y,z) G T^, converges to a measure fix = >^ /Ui, which 
is supported on a 1-dimensional unstable manifold injectively immersed in 
the two torus {x} x T^. For different values of x G §^ the measures fix 
are mutually singular, since they are supported on disjoint compact 2-torus 
embedded in T^. For each measure Hx in T^, the basin of attraction A{fix) 
(as defined in II. ip has zero Lebesgue measure in the ambient manifold T^. 
So, none of the probabilities fix is SRB for /. Nevertheless, after Theorem 
II. 5| the set of all these measures fix (which is easy to check to be weak*- 
compact), coincides with the set O of observable SRB-hke measures for /. 
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By construction of this concrete example any /i G (9 is a Gibbs u-state. 
Besides, any yU G O is ergodic, and since there exist many observable prob- 
abilities and since all convex combination of Gibbs u-states is also a Gibbs 
u-state, we conclude that there exist Gibbs u-states that are not observable. 
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